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dimension

• megapixel image = point in million dimensional space


• blendshape head model with 1000 verts, 100 targets



dimension



manifold assumption

• “manifold = surface”        (generalized to arbitrary dimensions)



Euclidean distance in high dimensions



curse of dimensionality: 
though algorithms may generalize, intuitions do not



curse of dimensionality 1.

• machine learning algorithm requires data exponential in number of dimensions

Brian Hayes



curse of dimensionality 2:  
everything is near the surface. there is no volume.
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curse of dimensionality 2:  
everything is near the surface. there is no volume.



sphere vs cube volume

n Vn
1 2.00000
2 3.14159
3 4.18879
4 4.93480
5 5.26379
6 5.16771
7 4.72477
8 4.05871
9 3.29851
10 2.55016

Table 2: Volume of the unit cube for the dimensions 1 to 10.
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Figure 5: Ratio of the volumes of unit hypersphere and embedding hypercube of side-
length 2 up to the dimension 14.

As it was the case for the hypersimplex, the volume of a hypersphere goes to 0,
independent from the size of its radius. Table 2 gives the volumes of some unit cubes
for n 1 10. The hypersphere for n 5 has the biggest volume, but this depends
on R. Especially, for R 1 2, the hypersphere attains its maximum in “our” 3-
dimensional world.

As an example consequence for search spaces, the ratio of volumes of unit hy-
persphere and embedding hypercube (with a sidelength of 2) will be considered (see
figure 5). Despite of the fact that the volume of the hypercube goes to infinity, and the
hypersphere touches all faces of the hypercube (i.e. at 2n points), the volume of the em-
bedded hypersphere goes to 0! Moreover, for n 10 we could neglect this volume part
within the hypercube for all practical computations. This is an important distinction
between search methods, which explores the hypercube, and search methods, which
explores the hypersphere. The last ones will not “see” very much from their world.

Also, it has to be noted that the term “high dimension” may refer to values of n as
small as 10 or so.

Judd 



curse of dimensionality 2: everything is near the surface

Hyper-cube vs hyper-shpere
this means that:

“as the dimension of the space increases the volume ofas the dimension of the space increases, the volume of 
the sphere is much smaller (infinitesimal) than that of 

the cube!”
how is this going against intuition?
it is actually not very surprising. we can see it even in 
l di ilow dimensions
1. d = 1                                        volume is the same 
2 d = 2

a-a
a2. d = 2

volume of sphere is already
smaller 

a-a

8

-a

Hyper-cube vs hyper-sphere
as the dimension increases the volume of the shaded 
corners becomes largerg

a

a-a

-a

in high dimensions the picture you should have in mind is

all the volume of the cube
is in these spikes!

9

Vasconcelos 



curse of dimensionality 3: everything is far away



probe space with pseudo-randomly chosen points



in high dimensions everything is far away

• The closest distance (to a particular point) among 1000 unit-variance 
multidimensional Gaussian random variables



curse of dimensionality 3b: random points are almost the same 
distance away

• c.f. law of large numbers


• practical problem: find closest point using spatial data structure



curse of dimensionality 4: all directions are nearly perpendicular



import math 
import numpy as n_ 
import numpy.random as r_ 
import pylab as p_ 

d = 1000 # dimension 
N = 100  # number of points 

G = r_.multivariate_normal( n_.zeros(N), cov=n_.eye(N), size=(d)) 
print G.shape	 	 # (N,d) 

for i in range(N): 
    v = G[i,:] 
    v = v / n_.linalg.norm(v) 
    G[i,:] = v 

Npairs = N*(N-1)/2 
angles = n_.zeros((Npairs,1)) 
iangle = 0 
for ir in range(N): 
    v1 = G[ir,:] 
    v1 = v1.T 
    for ic in range(ir+1,N): 
        v2 = G[ic,:] 
        a = n_.dot(v1,v2) 
        a = math.acos(a) 
        angles[iangle] = a 
        print a 
        iangle = iangle + 1 

#p_.hist(angles,100,histtype = 'stepfilled') 
p_.hist(angles,100) 
p_.savefig('hist_of_angles_%d_dimensions.pdf' % N) 



random high-dimensional vectors tend to be 
orthogonal



!



combine 3,4:  



combine 3,4:  
randomly chosen points lie on a randomly rotated+translated lattice



the high-dimensional Gaussian: 
is also weird



in high dimensions the Gaussian is a heavy-tailed 
distribution!
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Figure 5: The radially integrated Gaussian N(0, In) in various dimensions. Each subfigure
shows the radially integrated Gaussian profile Sd�1(r)G(r) (vertical axis) plotted in units ofp
d (horizontal axis). From left to right: 1, 2, 10, and 100 dimensions. In high dimensions

the probability concentrates in a shell centered at radius
p
d.
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c follows a �2 distribution with n degrees of freedom, since it is the sum of

i.i.d. squared Gaussian variables of variance c2i
�i
. The expectation of this distribution for d

dimensions is d, thus we expect the length of the standardized squared coe�cient vector of
a typical face to be d. However under the multidimensional Gaussian model, the face at the
origin (the mean face) is the most probable, and the length of its squared coe�cient vector
is zero.

[PS09] also state a hypothesis that faces should lie on the shell of a hyperellipsoid dictated
by the squared coe�cient length. While this hypothesis is correct, the noted di↵erence
between the mean and the expected Mahalanobis distance does not in itself justify this
statement. The resolution to the apparent paradox is simply that it is the di↵erence between
the variance and mean. A zero-mean random variable can (and typically does!) have a
nonzero variance. Randomly sampling from a multidimensional Gaussian will generate a
sequence of samples that have both the expected mean and variance of course.

Discussion. Next we will establish the statement that high dimensional data is con-
centrated overwhelmingly near the surface of the hypervolume. In the case of a uniformly
distributed random variable in a hypercube, this is easy to see. Consider a unit hypercube
in d dimensions, that encloses a smaller hypercube of side 1� ✏. As d ! 1, the volume of
the enclosed hypercube is (1� ✏)d ! 0.

The fact that the multivariate Gaussian is a heavy tailed distribution in high dimensions
is less obvious. For example, [Val12] states, “even for a face space of high dimensionality, the
assumption of a multivariate normal distribution means that... There will be many typical
faces that will be located relatively close to the center”.

Discussion of the multivariate Gaussian is simplified by a “whitening” transformation
ci ! ci/

p
�i from the original hyperellipsoidal density to an isotropic density. We can also

consider a unit-variance density without loss of generality. The wang book calls it Sd rather see 2nd boxed
eqn in vol-
ume 11 hypersphere.pdfthan Sd-1, and refers to it as a volume. I think the resolution is that the surface area of

Sd is the Volume of Sd-1, and that is what is being referred to. volume 11 hypersphere.pdf
has the same formula, but described as a “surface area”. In this case the probability that a
point is within a hypersphere of radius r is proportional to
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where d is the dimension, G(r) = 1p
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exp�r2/2 is the isotropic unit variance Gaussian

with d=100, tail probability is 1 to numeric precision
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all the volume is concentrated in the tail

• Obvious for hypercube case:
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probability mass concentrated  
in a hyperellipsoidal shell

• radially integrated unit variance normal in 1,2,10,100 dimensions
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• Dirac delta: width is zero, integral is 1


• High-dimensional Gaussian near zero:   
width is non-zero, integral is (nearly) zero



So things are weird.  Does it matter?



faces as points in 100 dimensions

• 10000 vertices => point in 30k dimensional space


• 100 blendshape targets => 100-dimensional subspace of 30k dimensional 
space


• estimates of between 40-100 dimensions for a linear face model [MS07, PS00, 
MXB06]


• => for discussion:    100-dimensional space with assumed Gaussian 
distribution



linear Gaussian models

• Graphics


• Blanz & Vetter, morphable model (2000+ citations) 
many others


• Vision


• Cootes & Taylor, Active Appearance Models 
many others 



linear Gaussian models

• Psychology: 
 
“even for a face space of high dimensionality, the assumption of a multivariate 
normal distribution means that... There will be many typical faces that will be 
located relatively close to the center”. 
 
- Valentine T.: “Face-Space Models of Face Recognition” in Computational, 
Geometric, and Process Perspectives on Facial Cognition: Contexts and 
Challenges.  
 
 
        T. Valentine, A unified account of the effects of distinctiveness, inversion, and race 
in face recognition (800 citations) 



maximum a posteriori  (MAP)

• given the data, find the model that fits the data


• allow a prior probability P(M)


• P(M|D) = P(D|M) P(M) / P(D)


• Gaussian assumption => pick the peak (mode) of the posterior 


• Prior especially important for inverse problems





MAP versus the curse:  no volume in the center

This plot is wrong



 
“even for a face space of high dimensionality, the assumption of a multivariate 
normal distribution means that... There will be many typical faces that will 
be located relatively close to the center”. 
 
- Valentine T.: “Face-Space Models of Face Recognition” in Computational, 
Geometric, and Process Perspectives on Facial Cognition: Contexts and 
Challenges.  



What about MAP?



What about MAP?

• probability density maxima often have very little associated probability mass 
even though the value of the probability density there may be immense, 
because they have so little associated volume...  
 
the locations of probability density maxima in many dimensions are generally 
misleading and irrelevant. Probability densities should only be maximized if 
there is good reason to believe that the location of the maximum conveys 
useful information about the whole distribution.”      
 
- D. Mackay, 1996



What about MAP?

• probability density maxima often have very little associated probability mass 
even though the value of the probability density there may be immense, 
because they have so little associated volume...  
 
the locations of probability density maxima in many dimensions are 
generally misleading and irrelevant. Probability densities should only be 
maximized if there is good reason to believe that the location of the maximum 
conveys useful information about the whole distribution.”      
 
- D. Mackay, Hyperparameters: Optimize, or integrate out? In Maximum 
entropy and Bayesian methods, 1996



Does it matter?
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Probable and Improbable Faces

J.P. Lewis, Zhenyao Mo, Ken Anjyo, Taehyun Rhee

Abstract The multivariate normal is widely used as the expected distribution of face
shape. It has been used for face detection and tracking in computer vision, as a prior
for facial animation editing in computer graphics, and as a model in psychological
theory. In this contribution we consider the character of the multivariate normal
in high dimensions, and show that these applications are not justified. While we
provide limited evidence that facial proportions are not Gaussian, this is tangential
to our conclusion: even if faces are truly “Gaussian”, maximum a posteriori and
other applications and conclusions that assume that typical faces lie near the mean
are not valid.

1 Introduction

In computer vision and graphics research, facial expression and identity are com-
monly modeled as a high-dimensional vector space, often with a multidimensional
Gaussian density. This choice of representation has associated algorithmic ap-
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Mathematics of Expressive Image Synthesis (MEIS) 2013



The End
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Where next?
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Part II: randomized linear algebra



The Johnson-Lindenstrauss lemma

• n points can be embedded in a space of dimensionality proportional to log n 
(regardless of their dimensionality!) while preserving inter-point distances


• does not depend on the data


• does not depend on the dimension


• can be achieved by multiplying the original points through a random matrix (Gaussian entries)



The Johnson-Lindenstrauss lemma

• n points can be embedded in a space of dimensionality proportional to log n 
(regardless of their dimensionality!) while preserving inter-point distances


• my opinion, not directly useful for us


• but inspired approach of random “projection”



intuition:  
randomly chosen points will not fall exactly in a null space



fast SVD alternative

Randomized linear algebra alternative to PCA
j.p.Lewis

apr15

“Randomized linear algebra” algorithms take inspriation from the Johnson-Lindenstrauss
Lemma, which states that random projections of high-dimensional data preserve dis-
tances with high probability. The “manifold assumption” says that, sometimes, high
dimensional data lives on a low dimensional manifold. If the manifold is linear, random
projection can find it.

An alternate statement is that the random vectors will almost certainly be in general
position, so it is unlikely that a linear combination of them will be in the null space.
For example, say A = [1 0 0; 0 0 0; 0 0 0], which has a 2d null space. A linear
combination of the vectors [0,x,y]’ and [0,u,v]’ for any x,y,u,v would be in the null
space. However a random choice of 3-vectors would be unlikely to give two vectors
that both have leading zeros.

If matrix A is low rank, then it will be true that

A ⇡ QQTA = QB with B = QTA

with Q a tall matrix. We want to find Q for less than the O(N3) cost that an SVD
would require.

1. Pick a tall random matrix R, and form the product AR. This has the interpreta-
tion of pushing random vectors through the matrix A.

2. Orthonormalized the result using QR (Gram-Schmidt):

Q, r = qr(AR)

Here Q is a tall matrix (r is the upper triangular matrix, not needed).

3. From the original statement of low-rank approximation:

A ⇡ QQTA = QB with B = QTA

Here B is a wide matrix.

4. To obtain an SVD-like decomposition, obtain the SVD of B and regroup,

A ⇡ QQTA = QB = Q(USVT ) = (QU)SVT

However, for some purposes this last step is unneeded, the basis Q is all that is
required.

The computation here scales with the cube of the rank, rather than the cube of the data
size. For the PCA problem, the Nystrom method would be a good alternative.

RandLA thinking can be applied to a variety of problems however; I think it is a more
general principle than Nystrom. For example, the “low rank skinning” project tries to
use this approach to do an RBF-like computation rather than an eigen decomposition.
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position, so it is unlikely that a linear combination of them will be in the null space.
For example, say A = [1 0 0; 0 0 0; 0 0 0], which has a 2d null space. A linear
combination of the vectors [0,x,y]’ and [0,u,v]’ for any x,y,u,v would be in the null
space. However a random choice of 3-vectors would be unlikely to give two vectors
that both have leading zeros.

If matrix A is low rank, then it will be true that

A ⇡ QQTA = QB

with Q a tall matrix. We want to find Q for less than the O(N3) cost that an SVD
would require.

1. Pick a tall random matrix R, and form the product AR. This has the interpreta-
tion of pushing random vectors through the matrix A.

2. Orthonormalized the result using QR (Gram-Schmidt):

Q, r = qr(AR)

Here Q is a tall matrix (r is the upper triangular matrix, not needed).

3. From the original statement of low-rank approximation:

A ⇡ QQTA = QB with B = QTA

Here B is a wide matrix.

4. To obtain an SVD-like decomposition, obtain the SVD of B and regroup,

A ⇡ QQTA = QB = Q(USVT ) = (QU)SVT

However, for some purposes this last step is unneeded, the basis Q is all that is
required.

The computation here scales with the cube of the rank, rather than the cube of the data
size. For the PCA problem, the Nystrom method would be a good alternative.

RandLA thinking can be applied to a variety of problems however; I think it is a more
general principle than Nystrom. For example, the “low rank skinning” project tries to
use this approach to do an RBF-like computation rather than an eigen decomposition.
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fast eigen decomposition

Eigen decomposition

For a symmetric matrix, Q forms a basis for both row and column spaces, so

A ⇡ QQTAQQT

= Q(QTAQ)QT

= Q(V⇤VT )QT

= (QV)⇤(VTQT )

RandLA thinking can be applied to a variety of problems however; I think it is a more
general principle than Nystrom. For example, the “low rank skinning” project tries to
use this approach to do an RBF-like computation rather than an eigen decomposition.
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Kaczmarz: “POCS for Ax=b”

where Bk,l =  k ·  l is the interference matrix of the original wavelets. This B is the same as (A0A)�1.

The interference matrix is the discrete RKHS kernel.

Kaczmarz algorithm / POCS for Ax=b

Kaczmarz algorithm is POCS for solving Ax=b, for an overdetermined system, fast randomized variant does not depend on the number of
variables. Derivation: each row of the linear system is a hyperplane, project the solution on each, iteratively.

y = current solution
x = projecton on plane a0x = b

min(y � x)0(y � x) + �(a0x � b)

min y0y � 2y0x + x0x + �(a0x � b)

2x � 2y + �a = 0 and ax = b

x � y + �a = 0 and ax = b

x = y � �a

substitute into ax = b : a0(y � �a) = b

a0y � �a0a = b

� =
a0y � b

a0a

sub into x = y � �a :x = y � a
a0y � b

kak

negate: x = y + a
b � a0y

kak

which matches wiki article.

Optimization: projection on feasible set.

(see also Two types of pseudoinverse, has better version.) Example of the other type of projection matrix, Used in iranian sparse paper, take
a step, project on the feasible set s : As = x: Projection in the standard sense, find point p that is closest to s but satisfies the constraint,

min
p

kp � sk2 + ⇤T (Ap � x)

p0p � 2p0s + s0s + ⇤T (Ap � x)

d/dp = 0 = 2p � 2s + A0⇤

A0⇤ = s � p

AA0⇤ = As � Ap

note Ap = x AA0⇤ = As � x

⇤ = (AA0)�1(As � x)

p = s � A0⇤

p = s � A0(AA0)�1(As � x)

Null Space

If basis vectors are colinear, this gives a null space. Consider two vectors in A that point in opposite directions. The weights x on these two
vectors can be (1,1) and still arrive with a zero.

Lewis Dynamic Data Assimilation best linalg

(I � M+M) projects on the null space.

OR SHOULD IT BE (I � MM+) ?
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edit propagation

(a) Input (b) RGBXY (c) RGBXY+Gabor

Figure 4. Edit propagation results for a lawn with colors similar to the plants.

(a) Input (b) RGBXY (c) RGBXY+Gabor

Figure 5. Results for red strokes, propagated to the bricks of the wall. RAW image courtesy of Edward Musiak, https://flic.kr/ps/FRqCG.

(a) 400 Gabor filters, without random projection (b) Dimensionality reduced to 40 by random projection

Figure 6. (a) Result of edit propagation using 400-dimensional Gabor texture features. (b) Same procedure with the initial number of dimensions reduced
from 400 to 40 by the random projection method.

multiple colors to be specified with each edit and produces
predictable results without requiring a non-negative weight
constraint.

The method is not perfect. For example, Figure 2b shows
small undesired alterations to the house. Small regions of
texture that carry uniform color are especially liable for this
defect. These problems might be removed by adding more

constraining strokes (requiring more user effort), or, perhaps,
by adding additional Gabor features. On the other hand, the
problems of high-dimensional spaces may arise if a large
number of Gabor features are added. A more compact and
accurate representation of the image texture features is still
an open problem.

Still, the results of our experiments demonstrate the



edit propagation

225 dimensions              randomly projected to 30



Generalize

• nonlinear


• unseen data



more e�cient:

Rw = z standard system

PP
T
w = z substitute approximation

P
T
P(PT

w) = P
T
z premultiply by P

T

P
T
Pv = P

T
z v ⌘ P

T
w

Here P
T
P is a ⇢⇥ ⇢ matrix, so if ⇢ is much less than N there is a cubic (N/⇢)3 speedup in the

solve, and a linear N/⇢ speedup in the synthesis.
v is not w but it can be used:

ẑ0 =
NX

k

wkk(z0, zk) standard RBF

⇡
NX

k

wk

⇢X

j

P0jPkj absorb the 1/P factor into P

=
⇢X

j

P0j

NX

k

wkPkj

= p(z0, ·)PT
w

Here P
T
w is the v that was solved for earlier, a vector of length ⇢. P0j ⌘ p(z0, ·) is like a row

of P corresponding to z0, but is di↵erent in that P is built from the training data and does not
have such a row. However, the approximation (2) can equally be applied at the point z0 rather
than zr; doing so provides p(z0, ·). Calling p

T ⌘ p(z0, ·), the final synthesi

ẑ0 = p
T
v

which is a dot product of length ⇢ after forming the vector p.

The approximation

Need PP
T ⇡ R. As a matrix decomposition problem... Nystrom is not ideal, because it

requires saving a subset of the kernel matrix, too much memory. Need to find approach that
allows adding new data point. Instead of approximating the kernel matrix, use a continuous
approximation to the kernel itself. Mercer’s theorem [24]

k(zr, zc) =
X

k

�k�k(zr)�k(zc) (3)

Is foundation of the kernel trick idea, that inner products in a higher dimensional “feature
space” can be implicitly computed thorugh the kernel function. TODO Use MC sampling to
approximate (3),

k(zr, zc) ⇡
X

k

(wk�k(zr))(wk�k(zc))

with wk random w ⇠ � (express?). Simpler alternative, Fourier
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See [25, chapter9.7] on approximating the kernel
sketching via randomized transforms, including hadamard [8, 5] and fourier [23, 27] intuition is
that the transforms spreads the original signal across all samples (by the spreading action of a
matrix), then a sparser sampling operation will likely not miss particular features [?]. Another
general intuition is that we seek a random “sketching” basis S such that

kS(Ax� b)k ⇡ kAx� bk

for the subset of x of interest [?].
If k is positive definite (relevant for the Gaussian Process case, not so much for RBF), we

can apply the Wiener-Khinchine theorem [16, Chapter 45] [14]. Express k in terms of its
Fourier transform K,

k(d) =

Z
K(!) exp(i2⇡d · !)d!

Rewrite for the case of a di↵erence of two points,

k(kz0 � zkk) =
Z

K(!) exp(i2⇡(z0 � zk) · !)d!

Now since K is positive, we can introduce a scaling factor that causes it to have integral =
1, and then regard it as a “probability”,

Z
K(!) exp(i2⇡(z0 � zk) · !)d! = EK [exp(i2⇡z0 · !) exp(i2⇡zk · !)]

(note eia = e
�ia). The imaginary components have zero expectation and can be ignored. Note

the last step here gives a separation in the Fourier domain This is the key to creating
matrices PP

T that multiply together to approximate the RBF kernel matrix.
Note, this is analogous to saying f(t) =

R
B(t, w)f(w)dw, then doing a monte carlo evalua-

tion of the integral. If
R
f(w)dw = 1, f(t) ⇡ Ex⇠f(w)Bt,x.

Lastly, produce the expectation as a sum

1

p

⇢X

j

exp(i2⇡z0 · !j) exp(i2⇡zk · !j)

where the frequencies !p are sampled from the “probability density” (spectrum)K. This is easy
to do for the Gaussian RBF case, i.e., just produce multidimensional Gaussian (independent)
random variables.

The final statement in matrix form is

R(p� q) = [ei2⇡pw1 , e
i2⇡pw2 , · · · ]

2

64
e
i2⇡qw1

e
i2⇡qw2

...

3

75
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Probable and Improbable Faces

J.P. Lewis, Zhenyao Mo, Ken Anjyo, Taehyun Rhee

Abstract The multivariate normal is widely used as the expected distribution of face
shape. It has been used for face detection and tracking in computer vision, as a prior
for facial animation editing in computer graphics, and as a model in psychological
theory. In this contribution we consider the character of the multivariate normal
in high dimensions, and show that these applications are not justified. While we
provide limited evidence that facial proportions are not Gaussian, this is tangential
to our conclusion: even if faces are truly “Gaussian”, maximum a posteriori and
other applications and conclusions that assume that typical faces lie near the mean
are not valid.

1 Introduction

In computer vision and graphics research, facial expression and identity are com-
monly modeled as a high-dimensional vector space, often with a multidimensional
Gaussian density. This choice of representation has associated algorithmic ap-
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Resources

• book preprint on Arxiv:  Mahoney, Randomized algorithms for matrices and data 


