
Is the Fractal Model Appropriate for Terrain?

J.P. Lewis
Disney'sTheSecretLab

3100ThorntonAve.,
BurbankCA 91506USA

zilla@computer.org

Although it hasbeensuggestedthat the fractal spectrumf � d is to be preferredfor theoreticalreasonsover other
spectrafor modelingmany naturalphenomena,theoreticalandempiricalargumentsfor consideringother typesof
spectrawill bementioned.

Severalresearchershaveconcludedthatthef � d spectrum(or equivalentlythe“fractal dimension”)is notadequateto
describenaturalphenomenaof interestoverall scales[5, 8]. Empiricalstudiesof thepossiblefractalnatureof various
phenomenahave alsofoundthat thefractaldimensionis oftendifferentat differentscales,althoughrangesof scales
describedby a constantdimensionwerefound[4, 1]. In fact thereis a relationbetweenthefractaldimensionD and
theexponentd in thefractalpowerspectrumf � d [12]

D = E +
(3 � d)

2
(1)

for a functionof EuclideandimensionE. Thus,ananalysiswherethefractaldimensionis allowedto varywith scale
is equivalentto a form of spectralanalysis.The`piecewisefractal' approachis restrictedhowever, in thatnonsensi-
cal negativefractal dimensionsor fractal dimensionsgreaterthanthe dimensionof the embeddingspacecanresult
from spectralexponentsthat arephysicallyquite reasonable.A piecewise fractal spectrummustbe monotonically
decreasingandhencecannotdescribeoscillatoryphenomenasuchaswaves.Ironically, thefractaldimensionis often
estimatedfrom thepowerspectrumor autocorrelationfunction[1].

Theseargumentsdo not deny that theassumptionof a power-law spectrumis a convenientanalyticalsimpli�cation.
If “fractal analysis”is to bemorethana procedureof �tting straightline segmentsthrougha spectrumcurve plotted
on log-log axes,however, it shouldbe establishedthat the attributed power law is accurateover an unexpectedly
broadfrequency interval, or that therearetheoreticalreasonsfor expectingthis spectrum. The often-citedfractal
interpretationof Richardson's coastlinedatahasbeenquestionedon thesegroundsbecausethedatadescribea fairly
limited rangeof scales(lessthantwo ordersof magnitudein all but onecase)andbecausethereis noreasonto expect
theprocessesinvolvedin very largescale(continentformation)andsmallscalecoastlineformation(e.g. erosion)to
have similar statistics[9, 10]. It alsoappearsthat thenominal1=f noisesin electricalcircuitsmayonly approximate
fractalbehavior [6]).

Theoreticalmodelspredictingthefractalspectrumhave not beenforthcomingin mostcases(anexceptionis thewell
establishedKolmogorov � 5=3 law in thestatisticaltheoryof turbulence[7]). In fact,thef � d spectrumis a priori an
unlikely choicefor a theoreticalmodel,sincethe integral of this functiondiverges,andconsequentlya phenomenon
that strictly obeys this spectrumis nondifferentiableand hasin�nite characteristics(length, averagepower). The
viability of this aspectof thefractalmodelwasalsoquestionedin thegeophysicalliterature[3, 10].

Althoughsomefractalpractitionersstatethatthefractalmodelis only intendedto applyovera limited rangeof scales,
theglobalpropertiesof self-similarityandnon-differentiabilityarethedistinguishingfeaturesof thefractalmodel.If
thesefeaturesarenot required,onecouldadoptotherspectrathat fall off accordingto a power law over thedesired
rangeof scales.For example,theMarkov-like spectra(� + f ) � d arecommonlyusedasa “�rst-order �t” for many
phenomena;thesespectraaresimilar to thefractalspectrumat high frequenciesyet donotdivergeat low frequencies
(theMarkovianspectrum(d = 2) hasa physicalbasis,e.g.,in Langevin'sequationfor Brownianmotion[13]).

Oneadvantageof the fractal modelover many othersis that it generatesdetail at all scales. The generalspectral
modelingapproachadvocatedherecanalsogeneratedetailatall scales,withoutsacri�cing differentiabilityandscale-



Figure1: Fractalsurfacewithout powermodi�cation.

Figure2: Non fractal(oscillatory)surface.



Figure3: Power-modi�ed fractallandsape.

dependentfeatures.Thenondifferentiabilityof thefractalmodelsresultsin terrainsthatin theauthor'sopinionappear
tooroughatsmallscales(e.g.,Figure1 and[11]). Mostof theterrain�gures accompanying thisarticlewereproduced
usingtwo-dimensionalvariationsof a “Markaussian”autocorrelationR(� ) = exp(�j � j � ) with 1 < � < 2, which
producesnoisesfalling betweentheextremesof theGaussian(toosmooth)andMarkovian(usuallytoorough)textures
shown in Figure6.

The desirabilityof scale-dependentfeaturesfor visual modelingis alsoobvious: mostvisual phenomenaprovide at
leastan approximatesenseof scale(atmosphericphenomenaareperhapsthe exceptionagain). As an illustration,
onewould besurprisedto �nd a terrainsuchasFigure3 at one's feet,andthescale-dependentdepressionsin Figure
4 certainlydo not detractfrom the realismof that terrain. The lack of scale-dependentfeaturescanbe a practical
problemin visualterrainsimulation,sincewithout suchdetailtheobservercannotjudgethedistanceto the“ground”.

We concludethat,althougha singledescriptorsuchasthe fractaldimensionor spectrumexponentmaybeadequate
for someclassi�cationpurposes,thevalidity of thefractalmodelis notwell establishedfor many naturalphenomena,
and it is evident that the visual characteristicsof many phenomenacannotbe adequatelydifferentiatedusingonly
this model.For example,it wasfoundin [1] thatanairport runway hada fractaldimensionidenticalto thatof some
topographicaldata,theinterpretationbeingthatthis wasdueto theattenuatedlow-frequency variationof therunway.

Spectralmodelingwith Gaussianprocessespermitsthedescriptionof avarietyof phenomena,includingfractalnoises
asaspecialcase.Importantperceptualcharacteristicsof thenoise,suchasscale,periodof oscillation,anddirectional
tendenciesaredirectly re�ectedin thenoiseautocorrelationfunction.Othercharacteristicssuchasdominantscalesof
detailandthesmall-scaleor high-frequency behavior of thenoiseareeasierto specifyin thefrequency domain,using
theintuitive interpretationof thespectrumastheamountof detailat eachscale.

These comments originally appeared in section 6.1 of the academic paper [2].
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Figure4: Non-fractalsyntheticlandscape.
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Figure5: Non-fractalsyntheticlandscape.

Figure6: Several texturesproducedusingthe generalizedsubdivision technique.Clockwisefrom top-left: Marko-
vian,oscillatoryMarkovian(shadedasanobliquelyilluminatedheight�eld), Gaussian,and(isotropically)oscillatory
“Markaussian”textures.


